Introduction
Let o~ be a family of graphs, G a given graph, and c a positive integer. We denote by _R(G, o~, c) the greatest integer n with the property that, in every coloration of the lines of G with c colors, there are at least n monochromatic 8* occurences of a member of ~. Without any loss of generality, we can assume that every forbidden subgraph F ~ ~ has no isolated points. Among the typical families ~ of forbidden subgraphs, we mention the family ~ of all. cycles, the family ~0 of odd cycles, and the family ~ of Kuratowski graphs, namely those homeomorphic to K 5 or Ka, 3. If $ contains just one forbidden subgraph F then we write simply R(G, F, c) instead of R(G, (F}, c) .
The numbers R(G, ~, c) are useful in formulating various graph theoretical problems and results. For instance, the four color conjecture states that
R(G, ~, 1) z 0 implies R(G, ~o, 2) ----0,
i.e., that every planar graph is the line-disjoint union of two bigraphs. An equivalent formulation of the four color conjecture is:
For every bridgeless cubic planar graph G, R(G, P3, 3)~ 0, in other words, every bridgeless cubic planar graph is 1-factorable. Vizing [18] proved that
R(G, P3, A + 1)~0
when he showed that the line-chromatic number of every G is either A or /J + 1. Obviously, the thickness of a graph G is the minimum n such that
R(G, ~C, n) -~ O.
Similarly, the arboricity of G is the minimum n such that
R(G, ~, n) = O.
NASH-WILLIAMS [14] proved that the arboricity of a graph G is equal to n<~p where q. is the maximum number of lines spanned by n points. When RAMSEu theorem [15] is specialized to graphs, it asserts that given any positive integers m and c there is always an integer n = n(m, c) such that
Similarly, ERD6S and RaDo [6] proved for complete bigraphs that given any positive integers m and c there is always an integer n = n(m,c) such that
this is sometimes called the theorem on polarized partition relations. We now present a brief summary of results involving R-numbers. EI~DSS and SZEKERES [8] 
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GRE]~WOOD and GLEASO~ [10] showed that r(4,4) = 18 by establishing that
For a summary of other results on ramsey numbers, see [12] , p. 17. Some exact results for R-numbers were found by GOODMA~r [9] , who showed that
EI~DSS [4] also obtained the inequality
2(7)
In CI-IV2{TAL [1] , tWO inequalities for bigraphs were proved:
NIV]~I, see [11] , completely characterized those a, b for which
EI~I)SS and Moo~ [5] derived the following limit:
Finally, Moozq and MosE~ [13] obtained the inequalities 
From extremal theory to line-coloring theorY
TtmA~ [17] founded extremal graph theory when he determined the greatest q-----q(p,n) such that net every (p,q) graph contains K n. For any family ~ of graphs, let us define ex(p, $, c) as the greatest q such that not every (p, q) graph satisfies R(G, g~, c) > O. Then for a single forbidden graph F, ex(p, $, 1) is the same as ex(p, F) defined in [12] , p. 18. Thus the numbers determined by Tc~ are precisely ex(p, K~, 1). The problem of determining an asymptotic value of ex(p, F, 1) for an arbitrary graph F was solved by E~D6S and SIMONOVI~S [7] :
In these terms, the well-known maximum number of lines in an aeyelic graph and in a planar graph with p ~ 3 are given respectively by:
Tu~s observed that numerically, the forbidding of triangles is tantamount to the exclusion of all odd cycles:
Not surprisingly, there is a monotonic relation between the function ex and all its variables:
The numbers ex(p, K n, c) were investigated by S6s [I6]; she observed that
, where r = r(K~, c).
The "easy half" of (2. 
R(G., F, e) ~ O.
As the singleton {F} ~ $, we have by (1.6),
which is the desired result.
.... When in Theorem 1, we take the particular f~milies of graphs ~ = {K~, m} and G. = K.,., we obtain as a corollary the above mentioned theorem of EtCDSS and I~A~)o on polarized partition relations. However, RAMSnu theorem cannot be obtained in this way since ex(p, K n, 1) is too large. More generally, the above approach is bound to fail whenever ~ = {F} and Z(F) > 2, for then by (2.1), lim ex(p, F, 1) ~ 1 and so the method does not work. Thus the "Turanisation" of Ramsey-type theorems is fruitful if ~nd only if the forbidden subgraphs are bic01orable.
A combinatorial method for R.numbers
ERD6S' proof of the lower bound (1.1) for ramsey numbers is based on a eombinatoriM counting argument: Applying his proof technique to a more general situation with arbitrary F and c colors, we obtain 
iSsl ~ .~ R(G, F, 1)CO q(O)-q(F).
The inequality (3.2) follows from the fact that each f~ SB is completely determined by (a) the choice of F ~ o~, (b) the choice of a subgraph Fs isomorphic to E which may occur in R (G, F, 1 In order to express the next three corollaries of Theorem 2 compactly, we require the following notation. Given any graph F and a positive integer c there is always (by Ramsey's theorem) an integer n with R (Kn, F, c) ~ O. The smMlest such n will be denoted by r(F, c).
The first corollary gives a general lower bound for this number. 
R(G'F' I) c-q+I ~ (;] p~l" c-q+l ~ npc-q+l 8
and so, by Theorem 2; R(K n, F, c) ----0 again. Therefore
R(K,, F, c) ~ 0 implies n ~ (seq-1) lip
Setting F =Km in Corollary 2A, we obtain (1.2) as a special case.
Setting F ----Km,m we have p ----2m, q ----m 2, s ----2(m !)2 and so, by Corollary 2A, we obtain an inequality for complete bigraphs corresponding to (1.2}. COROLLARu 2B.
r(Km,m, c) > c ml2 c ml2.
To show that this inequality is not too horrible, we remark that (1. On the other hand, we will show that R(Qn, Qm, e) = otherwise.
R-numbers for trees
As in all of graph theory, trees are easier to handle than arbitrary graphs. 
Open Problems
1. In another paper in this series, we develop corresponding theorems and numerical results for the nondiagonat case. Here we deal with families of forbidden subgraphs ~F 1, o~ 2 .... , o~c and require a line-coloring of an arbitrary graph G with c colors to contain no member of family $i which is monochromatic with color i.
2. One paper in this series, to be written jointly with P. I-h~LL, studies forbidden digraphs.
3. It is now also natural to investigate generalized ramsey numbers for multigraphs. r(F, c) is the smallest integer p such that every c-coloring of the lines of Kp contains a monochromatic F. We determine the exact values of r(F, 2) for all forbidden graphs _~' with at most four points in our next paper. This brings us to the frontier of solved problems as the calculation of the number r(Ks, 2) has been open for decades and is still not known.
Recall that

